that carry blood from the heart to the organs. It is
generally brought on by two interrelated physiological
factors (6): (1) a reduction in the caliber of small arteries
or arterioles with an ensuing increase in systemic vascular resistance and mean blood pressure, and (2) a reduction in the arterial compliance (ability of an artery to
distend with increasing transmural pressure) with a
resulting increase in pulse pressure (systolic minus diastolic blood pressure). When AS coexists with HPT, the left
ventricle faces a double pressure overload (valvular and
vascular). Consequently, symptoms of AS develop at a
lesser degree of valvular obstruction in hypertensive
compared with normotensive patients (4). In the presence
of AS and/or HPT, a compensatory concentric hypertrophy
of the left ventricle appears which contributes to preserve
an adequate cardiac performance. Concentric hypertrophy
is primarily characterized by an LV wall thickening, as
new contractile-protein units are generated in parallel to
the existing ones, whereas the LV cavity volume generally
remains unchanged (Fig. 1b). It thus compensates for the
increased LV wall stress and tends to maintain a normal
cardiac output (7,8). In the clinical situation of coexistent
valvular and vascular overloads, it is difficult to differentiate the events caused by AS from those caused by
HPT. A detailed understanding of the respective impacts
of AS and HPT on the LV function would help to predict
whether aortic valve replacement and/or antihypertensive
medical treatment would be beneficial in this particular
situation. It is, however, difficult to perform a comprehensive analysis of the interaction between different pathologies in the context of a clinical study because this
approach usually requires a large number of physiological
measurements in a large cohort of patients. In addition,
these measurements are often difficult to achieve, if at all

AORTIC STENOSIS AND SYSTEMIC
HYPERTENSION, MODELING OF
DAMIEN GARCIA
LOUIS-GILLES DURAND
Institut de Recherches Cliniques
de Montréal
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1. INTRODUCTION
Aortic stenosis (AS) is the most common cardiovascular
disease after hypertension and coronary artery disease
and is the most frequent cause of valvular replacement in
developed countries (1,2). This disease refers to the narrowing of the aortic valve opening during left ventricular
(LV) ejection (Fig. 1a). This can be caused by a congenital
abnormality of the valve (for example, the valve could
have only two cusps instead of three). The most common
cause of AS today is, however, the calcification of the valve
cusps induced by a progressive degeneration of leaflet
tissue (senile degenerative stenosis) (3). The narrowing
of the valve aperture induces an obstruction to blood flow
from the left ventricle to the aorta resulting in an increase
in LV afterload (Fig. 1b). When AS becomes severe,
symptoms such as shortness of breath, chest pain, and
dizziness may occur and survival is markedly reduced (3).
Once patients develop symptoms, prompt aortic valve
replacement is generally needed. In patients with AS,
the prevalence of systemic hypertension ranges from 30
to 40 % (4,5).
Systemic hypertension (HPT) is due to abnormally high
blood pressure in the systemic arteries, i.e., in the vessels

Aorta

Aorta

Aortic
valve

Stenotic
aortic valve

Left ventricle

Left ventricle

(a)

(b)

Figure 1. Schema of the heart during ejection. (a) without aortic stenosis, the aortic valve is fully
opened; (b) in the presence of aortic stenosis, the calcified aortic valve cannot open fully, which
causes an obstruction to blood flow from the left ventricle to the aorta and produces a transvalvular
flow jet. Note the increase in left ventricular wall thickness. From Nishimura (3) with permission.
1
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2. THEORETICAL MODELS
2.1. Description of the Flow across the Aortic Stenosis
For convenience, we define left ventricular (LV) systole as
the LV ejection period, i.e., the period where the transvalvular flow rate (Q) is strictly positive. The flow pattern
across an aortic stenosis (AS) is very similar to the one
occurring in orifice plates used as differential-pressure
flow metering devices (20). It is mainly characterized by a
flow contraction as far as the vena contracta, followed by
an abrupt expansion (Fig. 2). The vena contracta corresponds to the location where the cross-sectional area of the
jet is minimal (location 2, Fig. 2). This area is called the
effective orifice area (EOA) of the valve. Within the contraction region, upstream from the vena contracta, some
static pressure is converted to dynamic pressure. Flow
contraction is a stable process with virtually no energy
loss (21). Beyond the vena contracta, the fluid decelerates
as the area occupied by the throughflow increases to fill
the cross-section of the ascending aorta. The jet is rapidly
lost in a region of turbulent mixing which involves significant fluid energy dissipation. In this region, the static
pressure increases until it reaches a maximum beyond the
location where the reattachment of the flow occurs. The
difference between LV pressure and recovered aortic
pressure is called the net transvalvular pressure gradient
(location 3, Fig. 2) or TPGnet (22). Note that cardiologists
rather use the expression ‘‘pressure gradient’’ where a
physicist would properly utilize ‘‘pressure difference,’’
reserving the term ‘‘gradient’’ to express the rate of change
in pressure per unit distance (23). To remain consistent

A
EOA

1

2

3
TPGnet

possible, in patients. The use of mathematical or numerical models may overcome this dilemma.
Several theoretical cardiovascular models have been
proposed to analyze the effect of vascular properties and/or
AS on the LV function (9–17). Most of these models
contain, however, numerous independent input parameters so that their potential application in the clinical
setting may be very limited. Moreover, only a few numerical models include the effect of AS (11,12,14). But these
latter assume a linear relationship between the transvalvular flow rate and the pressure difference across the
AS. Such a representation is inaccurate since the flowpressure relationship in AS is by far non-linear. To overcome these limitations, we thus developed an explicit
analytical representation of the AS hemodynamics (18),
which was incorporated in a simple cardiovascular model
based on the so-called three-element windkessel model
(19). The resulting ventricular-valvular-vascular mathematical model (V3 model) and its main features will be
depicted in this chapter. In the next section, we first
describe the AS hemodynamics and the inherent hypotheses used for the derivation of the corresponding analytical model. The ventricular and the vascular models are
then briefly explained before introducing the V3 model. We
then describe some findings obtained with the numerical
V3 model and their clinical implications. We finally conclude by presenting potential future improvements of the
mathematical V3 model.

Static pressure

2

PLV

PA

Flow direction
Figure 2. Schema of the flow across an aortic valve during
systole and corresponding pressure field along the flow axis.
Locations 1, 2, and 3 correspond to the detachment of the flow
from the left ventricular outflow tract, the vena contracta, and the
location where pressure is recovered. TPGnet is the net transvalvular pressure gradient and EOA is the valvular effective orifice
area. PLV ¼ left ventricular pressure, PA ¼ aortic pressure, A ¼
cross-sectional area of the ascending aorta.

with the clinical terminology, the term ‘‘pressure gradient’’
will be used in this chapter. The following section thoroughly describes the theoretical development of the instantaneous TPGnet expression as a function of
transvalvular flow rate (Q) and effective orifice area
(EOA). The mathematical derivation is adapted with
permission from our previous work (18).
2.2. The Pessure-Flow Relationship in Aortic Stenosis
According to the aforementioned properties of the transvalvular flow, we first suppose that the fluid is ideal (i.e.,
incompressible and nonviscous) upstream from the vena
contracta. Second, we postulate that the valve opens and
closes instantaneously and that its EOA remains constant
throughout systole. Third, we assume that the velocity
profiles are flat (plug flow) within the throughflow. Finally,
for simplicity’s sake, we suppose that the respective crosssectional areas of the LV outflow tract (upstream section,
location 1, Fig. 2) and of the ascending aorta (downstream
section, location 3, Fig. 2) are equal and noted A.
Because gravitation has no significant effect on the
transvalvular flow and blood is an incompressible fluid,
the generalized Bernoulli equation used along the axial
streamline linking LV outflow tract (location 1) with
ascending aorta (location 3) yields TPGnet:
TPGnet ¼ PLV  PA ¼ P1
 P3 ¼


1  2
r U3  U12 þ r
2

Z

3
1

@U
dl þ EL
@t

ð1Þ

where P, U and r are the pressure, the velocity, and the
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density of the fluid, respectively. Coordinate l is the curvilinear coordinate along the considered streamline and the
subscripts refer to the location number. EL is the total
energy loss induced by the flow expansion. Because the
cross-sectional areas are similar
˜ in locations 1 and 3 and
velocity profiles are flat, U˜1 ¼ U3. Therefore,
TPGnet ¼ r

Z

3

1

@U
dl þ EL
@t

ð2Þ

According to the conservation of mass, the transvalvular flow rate Q can be written as Q ¼ A(l)U(l), where A(l) is
the cross-sectional area of the through-flow at location l. If
we further assume that A(l) is not time-dependent, Equation 2 therefore yields
TPGnet ¼ r

@Q
@t

Z

3
1

1
dl þ EL
Að l Þ

ð3Þ

To obtain the complete expression of TPGnet, one has to
know EL. Recalling that no energy loss occurs upstream
from the vena contracta, EL appears in the generalized
Bernoulli equation applied between locations 2 and 3:
P2  P3 ¼


1  2
r U3  U22 þ r
2

Z

3
2

@U
dl þ EL
@t

ð4Þ

Using the mass conservation, as above, this can be
rewritten as


Z
1 2 1
1
@Q 3 1
rQ
dl þ EL ð5Þ
þ
r

2
A2 EOA2
@t 2 AðlÞ

P2  P3 ¼

For a control volume O that is fixed and non-deforming
and whose boundary is noted G, Newton’s second law of
motion applied to an incompressible flow can be written as
(24)
Z
r

@U
dO þ r
O @t

Z
UU  ndG ¼

X

F

ð6Þ

G

where U is the fluid velocity vector, n is the outwardpointing normal, and F are the forces that act on what is
contained in O. Let’s consider the fluid contained in the
control volume O delimited by the aortic wall and the
respective cross-sections at location 2 and location 3 (Fig.
2). Since the action of gravity and the wall shear forces are
negligible here, the only axial forces acting on the fluid
contained in O are the inlet and outlet pressure forces.
Because velocities are uniform in locations 2 and 3, it
follows from Equation 6 applied to O:
Z
r

@U
dO rU22 EOA þ rU32 A ¼ ðP2  P3 ÞA
O @t

ð7Þ

Again, the conservation of mass leads to
Z

3

r
2





@Q
1
1
dl þ rQ2

¼ ðP2  P3 ÞA
@t
A EOA

ð8Þ

3

From the combination of Equations 5 and 8, one can get
the energy loss:
EL ¼ r

 Z



Z 3
@Q 1 3
1
1
1
1 2
dl 
dl þ rQ2

@t A 2
2
EOA A
2 AðlÞ
ð9Þ

Finally, Equations 2, 9 give the expression of TPGnet:
TPGnet ¼ r





Z 2
@Q L23
1
1
1
1 2
þ
dl þ rQ2

@t A
2
EOA A
1 AðlÞ
ð10Þ

R3
where L23 ¼ 2 dl is the recovery length, i.e., the distance
separating the vena contracta (location 2, Fig. 2) from the
location where static pressure is totally recovered (location 3, Fig. 2). As shown by Equation 10, TPGnet is
governed by the local inertia (involving qQ/qt) and by the
convective inertia (involving Q2). The first term in brackets, related to the local inertia, is purely associated to the
geometry of the flow jet and is homogeneous to the inverse
of a length. We therefore define the parameter l, homogeneous to a length, as follows:
1 L23
¼
þ
l
A

Z
1

2

1
dl
AðlÞ

ð11Þ

so that Equation 10 is reduced to
TPGnet ¼ r



1 @Q 1 2
1
1 2
þ rQ

l @t
2
EOA A

ð12Þ

It can be noticed from Equation 11 that when EOA [i.e.,
A(l ¼ 2)] converges toward zero, 1/ë tends toward þ N. On
the contrary, when EOA ¼ A (no stenosis), locations 1, 2,
and 3 are superimposed and 1=l thus equals zero. The
expression 1=l is exclusively dependent upon the flow jet
geometry and more precisely upon EOA and A, so that a
dimensional analysis (25) gives the following relationship:
pﬃﬃﬃﬃ


A
A
¼f
EOA
l

ð13Þ

A simple type of functions f defined on [1 , þ N] that
meets the two aforementioned boundary conditions [i.e.,
f(x)- þ N when x- þ N and f(1) ¼ 0] is the following:
pﬃﬃﬃﬃ

b
A
A
1
¼a
EOA
l

ð14Þ

where a and b are two strictly positive constants to be
determined. Integrating Equation 14 in Equation 12,
TPGnet becomes

b


1 @Q
A
1
1
1 2
a
 1 þ rQ2

TPGnet ¼ r pﬃﬃﬃﬃ
EOA
2
EOA A
A @t
ð15Þ
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ð16Þ

When using the expression of the energy loss coefficient
(ELCo) defined as EOA  A / (A  EOA) (26), TPGnet can
be written as
2pr @Q
r
Q2
þ
TPGnet ¼ PLV  PA ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2EL Co2
EL Co @t

50

ð17Þ

Equation 17 shows that, for a given transvalvular flow
rate Q(t), the pressure difference between the left ventricle
and the aorta, i.e., TPGnet, is dependent upon a unique
valvular parameter, namely ELCo. This equation was
validated with bioprosthetic heart valves in the abovementioned in vitro model and was shown to predict
accurately the instantaneous TPGnet measured by micromanometer-tipped Millar catheters. We invite the reader
to refer to (18) for a detailed description of the complete
protocol.

2.3. The Left Ventricular Pressure-Volume Relationship
Pressure-volume graphs are commonly used to assess the
inotropic state of the left ventricle (27). When tracing LV
pressure (in mmHg) as a function of LV cavity volume (in
mL), a complete loop, called the pressure-volume loop (PV
loop), is described. LV stroke work is the work of the left
ventricle during each heart beat and is represented by the
area contained within the PV loop (Figs. 3 and 11). LV
stroke work has been shown to effectively characterize the
outcome of patients with AS (28). If the loading conditions
on the heart are pharmaceutically (e.g., by administration
of phenylephrine) or mechanically (e.g., by occlusion of the
inferior vena cava) modified, while myocardial contractility remains unchanged, a series of PV loops is obtained
(Fig. 3). In a physiological range, the top left corners of the
PV loops may be connected by a regression line (Fig. 3)
whose slope is called the maximal elastance (Emax). The
intercept of this line with the abscissa volume axis is the
unloaded volume (V0). It should be noted that the linear
approximation often leads to negative V0 (29). Hence, V 0
has no physical or physiological meaning but should
rather be considered as a virtual parameter computed by
extrapolation. This linear characteristic remains, however, largely appropriate over a large physiological or
pathophysiological range. In the 1970s, Suga et al. (30)
defined the time-varying LV elastance as LV pressure

Em

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


1
1 1
1
1 2
2
 þ rQ

EOA A 2
EOA A

100

0

V0

100

150

LV volume (mL)
Figure 3. Series of left ventricular pressure-volume loops obtained in a patient with aortic stenosis. Emax is the maximal
elastance. V0 is the left ventricular unloaded volume. From
Dekker et al. (36) with permission.

(PLV) divided by LV cavity volume (V) decremented by V0:
EðtÞ ¼

PLV ðtÞ
V ð tÞ  V 0

ð18Þ

Interestingly, it has been shown by Senzaki et al. that
the elastance waveform, when normalized with respect to
its amplitude (Emax) and time to peak value (TEmax), is
somewhat similar in the normal or diseased human hearts
despite the presence of differences with regard to etiology
of heart disease, LV myocardial contractility and loading
conditions (31). Fig. 4 depicts the normalized LV elastance
(EN) as a function of normalized time, as measured by
Senzaki et al. in patients and normal subjects. Due to the
universal property of the LV normalized elastance, LV
pressure can be related to LV volume by means of only
three independent LV parameters, namely Emax, TEmax,
1
Normalized elastance (EN)

@Q
TPGnet ¼ 2pr
@t

150

ax

It is difficult to solve a and b from a purely analytical
development. We therefore determined these two constants by means of in vitro experiments performed in a
mock flow circulation model. Nine orifice plates, simulating several grades of aortic stenosis severity, were tested
under numerous physiological pulsatile flow conditions. A
minimization method provided a ¼ 2p and b ¼ 1=2 (18).
From those results, the instantaneous TPGnet is finally
expressed as

LV pressure (mmHg)

4

0.5

0

0

1
Normalized time (t /TEmax)

Figure 4. Normalized left ventricular elastance as a function of
normalized time (dimensionless).

AORTIC STENOSIS AND SYSTEMIC HYPERTENSION, MODELING OF

and V0, as follows:


Emax EN t=TEmax ¼

PLV ðtÞ
V ðtÞ  V0

ð19Þ

We note t0 the time at which LV ejection begins and T
the cardiac period. The analytical resolution of this linear
differential equation yields the aortic pressure (PA) within
the time interval [t0; t0 þ T]:

ðtt0 Þ=RC

P A ð tÞ ¼ e

Z

Z ¼ Z0 þ

R
1 þ joRC

ð20Þ

where o is the pulsation frequency and j is the unit
complex
number.
Then,
using
Ohm’s
law
ðDP ¼ PA  PVE ¼ Z  QÞ, one obtains
joDP þ

DP
Z0 þ R
¼
Q þ Z0 joQ
RC
RC

ð21Þ

what may be rewritten, in the time domain ( jo is changed
to q/qt), as
@PA ðtÞ PA ðtÞ Z0 þ R
@QðtÞ PVE
þ
¼
QðtÞ þ Z0
þ
@t
RC
RC
@t
RC

ð22Þ

t

t0

2.4. The Three-Element Windkessel Model of the Peripheral
System
The three-element windkessel (WK3) model is a lumped
model that has been proven to simulate adequately the
hemodynamic characteristics of the peripheral system
(32,33). It includes three independent vascular parameters: the characteristic impedance of the proximal aorta
(Z0); the arterial compliance (C); and the systemic vascular resistance (R). The resistance R reproduces the hydraulic resistance in the small arteries and arterioles, the
compliance C reflects the ability of the large arteries to
distend with increasing inner pressure, and the characteristic impedance Z0 mainly relates the transvalvular
flow rate (Q) to the aortic pressure in the high-frequency
range (highly pulsatile range). An electrical analog model
of the WK3 is illustrated in Fig. 5. In this figure, PA and
PVE represent the aortic pressure and the central venous
pressure, respectively. Using complex notation, the peripheral impedance is written as

5

Q ðtÞ
Ceðtt0 Þ=RC


dt þ DPA

ð23Þ

where Q is related to Q as follows:

Q ðtÞ ¼

Z0 þ R
@QðtÞ PVE
QðtÞ þ Z0 C
þ
R
@t
R

ð24Þ

and where the diastolic blood pressure (DPA) can be
determined using the periodic property of PA and is given
by
Z

t0 þ T

DPA ¼
t0

Q ðtÞeðtt0 Þ=RC
dt
CeT=RC  C

ð25Þ

For a given central venous pressure, the WK3 representation described by Equations 23–25 thus relates aortic
pressure to transvalvular flow rate using only three
vascular parameters (Z0, R, and C).

2.5. The V3 (Ventricular-Valvular-Vascular) Model
2.5.1. Derivation of the V3 Model. The ventricular-valvular-vascular V3 model results from the coupling of the
abovementioned LV time-varying elastance, TPGnet equation and WK3 model (Fig. 6). The sum @(Equation 17)/@t þ
(Equation 17)/(RC) yields


 

@PLV
PLV
@PA
PA
þ
þ

@t
RC
@t
RC
 2



2pr
@ Q
1 @Q
r Q
@Q
Q
þ
þ
þ
2
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RC @t
2 EL Co2
@t
RC
EL Co @t2
ð26Þ

Z0
PA

Q

∆P

C

R

The expression ð@PA =@t þ PA =RCÞ in Equation 26 is
expressed as a function of Q using Equation 22, and PLV
is replaced using Equation 19. Throughout ejection, transvalvular flow rate can be written as: QðtÞ ¼  @VðtÞ=@t.
Therefore, Equation 26 becomes

PVE
Figure 5. Electrical representation of the three-element windkessel model. PA ¼ aortic pressure, PVE ¼ central venous pressure,
Q ¼ transvalvular flow rate. Z0 ¼ aortic characteristic impedance,
R ¼ systemic vascular resistance, C ¼ arterial compliance.

2pr @3 V ðtÞ
@ 2 V ð tÞ
@V ðtÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ a3 ðtÞ
þ a2 ðtÞ
3
@t2
@t
EL Co @t
þ a1 ðtÞV ðtÞ þ a0 ðtÞ

6

AORTIC STENOSIS AND SYSTEMIC HYPERTENSION, MODELING OF

PA
Z0

PLV

PA

C

V
A
EOA
PLV
PVE

R

where


EN t^
Emax @EN t^
PVE
a0 ðtÞ ¼ V0
þ V0 Emax
þ
TEmax @t^
RC
RC


EN t^
Emax @EN t^
a1 ðtÞ ¼ 
 Emax
TEmax @t^
RC

ð27Þ


r
@V ðtÞ Z0 þ R

 Emax EN t^
a2 ðtÞ ¼
2RCEL Co2 @t
RC
a3 ðtÞ ¼

r @V ðtÞ
2pr
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  Z0

EL Co2 @t
RC EL Co

where t^ is the normalized time (t/TEmax). At the onset of
the ejection (at t ¼ t0), LV volume V is equal to the LV enddiastolic volume (V(t0) ¼ LVEDV) and Q(t0) ¼ 0. LV ejection
begins when LV pressure reaches aortic pressure and
TPGnet thus equals zero. According to Equation 17,
@Q=@t is therefore also equal to 0 at the ejection onset.
Because QðtÞ ¼  @VðtÞ=@t during LV ejection, the initial
conditions are therefore
Vðt0 Þ ¼ LVEDV;

@V
@2 V
ðt0 Þ ¼ 0; 2 ðt0 Þ ¼ 0
@t
@t

ð28Þ

The 3rd-order nonlinear differential equation 27, with
the corresponding initial conditions (Equation 28), describes thoroughly the LV volume during ejection under
the conditions that the ventricular, valvular, and vascular
properties are given. Table 1 summarizes the independent
input parameters necessary for solving the V3 model. The
mathematical V3 model has been validated in patients
during surgery, before and after aortic valve replacement,
as described in details in (19).
2.5.2. Numerical Computation. Time reference (t ¼ 0) is
fixed at the onset of the isovolumic LV contraction. An
arbitrary diastolic pressure (DPA) is chosen and t0 (onset

Figure 6. Schematic representation of the V3
model. V ¼ left ventricular cavity volume, PLV
¼ left ventricular pressure, PA ¼ aortic pressure. See also legends of Figs. 2 and 5. From
Garcia et al. (19) with permission.

of ejection) is then determined from Equation 19 such that
it satisfies the following condition: EmaxEN(t0/TEmax) ¼
DPA/(LVEDV  V0). LV cavity volume during ejection,
V(t), is then calculated from Equation 27 using an explicit
Runge–Kutta method starting from t0 until @VðtÞ=@t
reaches zero. Transvalvular flow rate during LV ejection
is QðtÞ ¼  @VðtÞ=@t and is further assumed to be zero
throughout the rest of the cardiac cycle (no aortic regurgitation). Aortic pressure is then deduced from Equations
23–25 and a second DPA is therefore obtained. If the
difference between the two DPA exceeds a given relative
error, a new iteration is performed using the latest DPA
value until the desired precision is reached. Knowing V(t),
LV pressure during isovolumic contraction, ejection, and
isovolumic relaxation is finally calculated by means of
Equation 19 and is linearly extrapolated during the LV
filling. LV volume during LV filling is extrapolated using a
2nd-order polynomial so that its temporal derivative is
zero at the end of diastole. A detailed Matlab program for
the resolution of the V3 model is available online in (34).
Figure 7 shows normal physiological waveforms simulated
with the V3 model (normotensive condition, normal aortic
valve, and normal cardiac conditions). It should be noted
that the V3 model in the present form may exclusively
simulate LV volume and pressure for the periods of
ejection and isovolumic contraction and relaxation. Their
waveforms during LV filling are thereby extrapolated.
Thus, the V3 model as presented here cannot be used to
analyze LV diastolic dysfunction.

3. APPLICATIONS
The V3 model provides a potentially useful tool for simulating the effects of AS on pressure and transvalvular flow
waveforms with different grades of AS severity. To date, no
explicit theoretical model has been shown to reflect accurately the cardiovascular hemodynamics in presence of AS
(19). As for the V3 model, it may explicitly and correctly
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Table 1. List of the Cardiovascular Input Parameters Required for the Resolution of the V3 Model [Values in the right
column are typical physiological values used for the simulations with a heart rate of 70 beats per minute. Emax (mmHg/
mL), R (mmHg.s/mL) and C (mL/mmHg) were adjusted according to the desired hemodynamic conditions as explained in
the text (see also Table 3). EOA was varied from 4 cm2 (no aortic stenosis) down to 0.5 cm2 (severe stenosis).]

Pressure (mmHg)

Ventricular parameters
Left-ventricular end-diastolic volume
Unloaded volume
Maximal elastance
Time to maximal elastance
Vascular parameters
Aortic characteristic impedance
Systemic vascular resistance
Total arterial compliance
Central venous pressure
Valvular parameters
Effective orifice area
Aortic cross-sectional area

LVEDV
V0
Emax
TEmax

150 mL
15 mL
Adjusted for stroke volume (70 mL)
0.33 s

Z0
R
C
PVE

0.07 mmHg s/mL
Adjusted for blood pressure level
Adjusted for blood pressure level
5 mmHg

EOA
AA

From 4 down to 0.5 cm2
5 cm2

PA

100

50
PLV
0

LV volume (mL)

160
Peak velocity
= 3.1 m/s
120
Figure 8. Continuous-wave Doppler recording of an aortic stenosis jet in a patient with severe aortic stenosis (EOA ¼ 0.85 cm2).

80
Ejection
Figure 7. Top—left ventricular (PLV) and aortic pressure (PA)
waveforms simulated with the V3 model under normal conditions.
Bottom—corresponding simulated left ventricular cavity volume.
Time scale covers more than one cardiac cycle.

describe some cardiovascular features if only a few cardiovascular parameters are known, and as importantly, its
validity has been tested in patients with AS. In clinical
practice, AS is graded as mild if EOA41.5 cm2, moderate
if EOA41.0 and r1.5 cm2, or severe if EOAr1.0 cm2
(Table 2). When stenosis is severe and cardiac output is
normal, the mean TPGnet is generally 450 mmHg (1
mmHgE133 Pa) (35). Because it is cost-effective, completely non-invasive, and rapid, echocardiography is presently the most commonly applied modality in clinical
cardiology for establishing the diagnosis of aortic stenosis.
Echocardiography allows one to display high-quality
images of the heart as well as the transvalvular blood
velocities (Fig. 8). Doppler echocardiography is mainly
used to determine EOA by means of the continuity equation (equation of mass conservation). The peak velocity

across the valve (at location 2, Fig. 2) measured by
Doppler echocardiography has also been shown to be
predictive of symptom onset in AS patients (Fig. 8) (1).
When the clinical and echocardiographic data yield conflicting diagnoses or when the echocardiographic data are
unconvincing, invasive measurements by cardiac catheterization are needed and max or mean TPGnet are
measured (Fig. 9), among other parameters. When severity of AS becomes significant, pressure loss due to the
aperture narrowing of the valve induces an increase in LV
cavity pressure and LV stroke work. If concomitant HPT is
present, effects of AS on LV function are worsened due to
the further vascular overload. The following paragraphs
will show how AS may affect LV pressure and more
specifically LV stroke work, by using the numerical V3
model. The additional effect of concomitant HPT will then
be described.
3.1. Simulations of Flow and Pressure Waveforms with Aortic
Stenosis
The ejection fraction is defined as the amount of blood
ejected divided by the amount of blood contained in the left
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Table 2. Classification of Hypertension and Aortic Stenosis Severity According to the European Society of Hypertension
(44) and to the American College of Cardiologỹ/ American Heart Association (35) (Systolic and diastolic pressures are in
mmHg. EOÃ ¼ effective orifice area.)
Hypertension

120–129
130–139
140–159
160–179
Z180

80–84
85–89
90–99
100–109
Z110

Pressure (mmHg)

Diastolic

160
PA
80

Aortic Stenosis
EOA
Z3 cm2
41.5 cm2
1.0–1.5 cm2
r1.0 cm2

200
PA

100

PLV

0

0

0.5

0

No AS

PLV
0

0

0.4

0.8

Time (s)
Figure 9. Typical left ventricular (PLV) and aortic pressure (PA)
waveforms in a patient with severe aortic stenosis. The arrow
represents the peak TPGnet (net transvalvular pressure gradient).
During a clinical examination, mean TPGnet is calculated as the
gray area divided by ejection time.

ventricle at end of diastole. In absence of serious LV
dysfunction, ejection fraction is usually normal (50–60
%) in patients with AS (7). For a normal average stroke
volume of 70 mL, LVEDV is therefore maintained at
B150 mL. In addition, typical values are assumed for V0
(15 mL), TEmax (0.33 s), A (5 cm2), Z0 (0.07 mmHg.s/mL)
and PVE (5 mmHg) to achieve the simulations (19,36). The
heart rate was fixed at 70 beats per minute and maximal
elastance (Emax) was adjusted so that stroke volume
equals 70 mL (normal outflow condition). For example,
the respective calculated values for Emax without AS and
with very severe AS (EOA ¼ 0.5 cm2) were 1.63 and
2.35 mmHg/mL. Total vascular resistance (R) and arterial
compliance (C) were also adjusted to obtain normotensive
conditions (systolic/diastolic pressures ¼ 120/80 mmHg):
their respective values were 1.07 mmHg.s/mL and
2.05 mL/mmHg. Table 1 summarizes the chosen values
for the input cardiovascular parameters. Figure 10 illustrates three simulations achieved with the V3model: (1) no
AS (EOA ¼ 4 cm2); (2) moderate AS (EOA ¼ 1 cm2); and (3)
severe AS (EOA ¼ 0.5 cm2). This figure shows that simulated LV and aortic pressure waveforms are very similar to
those observed in patients (see Fig. 9 for comparison).
Whereas LV peak pressure has a normal value
(120 mmHg) without AS, it may be as high as 200 mmHg
with very severe AS, even under normotensive conditions.

Flow rate (mL/s)

Pressure (mmHg)

Normal
High normal
Mild
Moderate
Severe

Systolic

0.5

0

Moderate AS

0.5
Severe AS

400
200
0

0

0.5

0

0.5

0

0.5

Time (s)
Figure 10. Pressure and transvalvular flow waveforms simulated with the V3 model. Note that simulated pressure waveforms
with severe aortic stenosis are similar to those measured in
patient (Fig. 9).

It has been reported that ejection time lengthens (37,38)
and that peak transvalvular flow rate occurs later in
ejection with increasing AS severity (39,40). The simulated instantaneous transvalvular flow rates are very
consistent with these observations as shown in Fig. 10.
Figure 11 illustrates the PV loops corresponding to the
conditions of Fig. 10. Stroke work (SW ¼ PLVdV, represented by the inner area of PV loops) increases significantly when EOA decreases, i.e., when severity of AS
increases. Figure 12 shows more accurately how LV stroke
work varies with AS severity. It can be observed that LV
stroke work remains relatively stable around the value of
1 J when EOA 41 cm2, which means that AS does not
greatly affect the LV pump when graded as mild or even
moderate. But when AS is severe (EOAo1 cm2), a small
decrease in EOA induces a drastic increase in LV stroke
work, and it is precisely in this range that patients with
AS generally develop symptoms.

LV pressure (mmHg)
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No AS

200

200

Moderate AS

9

Severe AS
200

SV = 70 mL
100

100

100
SW

0
50

150 200

100

0
50

100 150

200

0
50

100

150

200

Figure 11. Simulated left ventricular pressurevolume loops for the hemodynamic conditions illustrated in Fig. 10. Left ventricular stroke work
(SW) is represented by the inner area. SV is stroke

Left ventricular volume (mL)

No HPT

2

1

Mild

Moderate

0.5

0

Very
severe

1.5
1
EOA (cm2)
Severe

2

AS severity
Figure 12. Left ventricular stroke work as a function of aortic
stenosis severity. One dot characterizes one simulation performed
with the V3 model.

3.2. Simulations in the Presence of Aortic Stenosis and
Coexistent Systemic Hypertension
Left ventricular pressure overload caused by AS or systemic arterial HPT generally results in LV concentric
hypertrophy, which has been shown to be a strong independent risk factor for morbidity and mortality (41,42).
Systemic hypertension (HPT) has a prevalence of 30–40 %
in patients with AS (4,43). The resulting vascular overload
in such patients adds further to the valvular overload,
which increases the LV afterload and affects LV function
and patient outcome. The V3 model may help to quantify
the respective impacts of AS and HPT on LV function. For
this purpose, we simulated the combined effect of AS and
HPT on the LV stroke work. Aortic stenosis severity was
varied from mild to severe (EOA ¼ 1.75 to 0.5 cm2), and for
each degree of AS severity, blood pressure level was
progressively increased from normotensive conditions to
severe HPT (systolic/diastolic pressures ¼ 120/80 to 190/
115 mmHg). For each degree of HPT, systemic vascular
resistance (R) and arterial compliance (C) were adjusted
to obtain the desired systolic and diastolic aortic pressures
(Table 3). Systolic and diastolic aortic pressures were
chosen according to the classification of blood pressure
levels published by the European Hypertension Society
(44) (Table 2). The values found for R and C were comparable to those measured in hypertensive patients (45,46).

Moderate AS

200

100

100

0

1.5

2.5

No AS

200

Moderate HPT

Stroke work (J)

2.5

0

0.5

0

200

200

100

100

0
0

0.5

0

0

0.5

0

0.5

Figure 13. Simulated left ventricular (PLV) and aortic (PA)
pressures in normal aortic valve (no AS) and moderate aortic
stenosis (AS) with and without moderate hypertension (HPT).
Pressures are in mmHg, time is in s.

As mentioned previously, Emax was adjusted for each
simulation so that stroke volume was equal to 70 mL.
The chosen values of the other input cardiovascular parameters are listed in Table 1. Figure 13 illustrates four
simulations obtained with a normal valve and a moderate
aortic stenosis (EOA ¼ 1 cm2) with and without moderate
hypertension (170/105 mmHg). The peak LV pressure is
largely increased when hypertension coexists with AS (no
AS ¼ 120, moderate AS ¼ 139, moderate HPT ¼ 169, moderate AS þ HPT ¼ 185 mmHg). It should also be noted that
moderate AS has a small impact on LV stroke work in
comparison with moderate HPT (no AS ¼ 1.00, moderate
AS ¼ 1.11, moderate HPT ¼ 1.37, moderate AS þ HPT ¼
1.47 J). The following valvular parameters: peak TPGnet,
mean TPGnet, and peak jet velocity (Table 4) were very
consistent with those of patients reported in the literature
(1,22). As an example, mean TPGnet and peak jet velocity
with an EOA of 0.5 cm2 were found to be 55 mmHg and
5.3 m/s, respectively, which represent typical values for
patients with severe AS (1). As expected, because cardiac
flow conditions were fixed, these parameters were only
dependent upon AS severity and were not influenced by
the degree of HPT (Table 4). The theoretical influence of
AS/HPT on LV stroke work is represented on Fig. 14. This
graph shows that LV stroke work is shifted upward from
one blood pressure level to the following, independently of
the AS grade AS. Thus, HPT has a quasi-linear effect on
LV work. By contrast, an increase in AS severity from mild
to moderate (EOA41 cm2) has a very small impact on LV
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Table 3. Values of Total Peripheral Resistance (R) and Arterial Compliance (C) Utilized for Simulating the Different Blood
Pressure Levels in This Study
Arterial Pressure (mmHg)

Blood Pressure Level

Systolic

Diastolic

120
135
150
170
190

80
87
95
105
115

Normal
High normal
Mild
Moderate
Severe

R (mmHg.s/mL)

C (mL/mmHg)

1.07
1.21
1.35
1.53
1.71

2.05
1.47
1.23
0.98
0.83

Table 4. Hemodynamic Valvular Parameters Obtained with the V3 Model for Given Degrees of Aortic Stenosis Severity
Under Normal Flow Conditions and Different Levels of Arterial Blood Pressure (stroke volume ¼ 70 mL, heart rate ¼
70 bpm) (Values are represented as mean7standard deviation.)
Aortic Stenosis

Mean TPGnet (mmHg)

Peak TPGnet (mmHg)

Peak Velocity (m/s)

0.870.7
4.570.5
9.770.7
15.270.8
26.470.6
55.471.3

11.772.0
18.172.3
22.072.3
27.271.0
42.870.7
84.771.1

1.170.03
2.170.02
2.770.01
3.270.01
3.970.01
5.370.03

EOA
4 cm2
1.75 cm2
1.25 cm2
1.0 cm2
0.75 cm2
0.5 cm2

No AS
Mild
Moderate
Moderate to severe
Severe
Very severe

2

Stroke work (J)

1.8
1.6
Severe

1.4

Moderate

1.2

Mild

al
High norm
Normal

1
2

1.5

1

0.5

EOA (cm2)
Severe

Moderate

Mild

AS severity
Figure 14. Left ventricular stroke work as a function of aortic
stenosis severity for normal arterial pressure and different grades
of hypertension. One dot characterizes one simulation performed
with the V3 model.

stroke work. The latter, however, increases noticeably
when AS becomes severe (EOAo1cm2).
3.3. Potential Clinical Implications
According to current guidelines, the decision to replace a
stenotic valve is mainly based on EOA and presence of
symptoms (35). Unfortunately, there are often discrepan-

cies between the AS severity and the symptomatic status.
Some patients are indeed symptomatic although they
have only a moderate AS, whereas others remain asymptomatic despite the presence of severe AS. Our simulations may in part explain these discrepancies. According
to our numerical results, a patient having moderate AS
with coexistent moderate HPT may have higher LV afterload than a normotensive patient with severe AS. Accordingly, HPT is a well-established cardiovascular risk factor.
Its impact on the clinical outcome of patients with AS,
however, is still unknown (47), but it has been recently
reported that in hypertensive symptomatic AS patients,
symptoms of AS develop at a relative earlier stage of the
disease, with larger EOA (4). This is very likely due to the
additional LV afterload induced by HPT itself, because our
simulations tended to show that even mild HPT may
greatly influence LV stroke work and therefore LV function in AS patients. Thus, antihypertensive medication
should be initiated soon after aortic valve replacement in
patients with coexistent HPT. As an example, Fig. 15
illustrates a hypothetical case of a patient with moderate
HPT (systolic/diastolic pressures ¼ 170/105 mmHg), severe AS (EOA ¼ 0.6 cm2), and normal output flow conditions (stroke volume ¼ 70 mL, heart rate ¼ 70 bpm), whose
left ventricle develops a stroke work of 1.75 J. In such a
patient, aortic valve replacement alone would reduce LV
stroke work to 1.4 J. This is identical to the work done by
the left ventricle in presence of severe AS (with an EOA of
0.6 cm2) under normotensive conditions. Thus, this patient
would not fully benefit from aortic valve replacement if no
antihypertensive medication was prescribed, since LV
stroke work would remain abnormally high. This could
explain why short-term clinical results vary considerably
from one patient to another after aortic valve replace-
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2

1.6
AVR

1.4

e
nsiv

erte

Hyp
AHM

Stroke work (J)

1.8

1.2

e

siv
ten

AVR

o
orm

1

N

2

1.5

1
EOA

0.5

(cm2)
Severe

Moderate

Mild

AS severity
Figure 15. Respective outcome of aortic valve replacement (AVR)
and antihypertensive medication (AHM) in a patient (represented
by a square) with severe aortic stenosis and moderate systemic
hypertension.
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this hypothesis is adequate in normal and mildly or
moderately calcified aortic valves, it has been reported
that EOA may vary notably during ejection in patients
with severe AS (39,50). Time-dependence of EOA may
significantly influence TPGnet and LV pressure waveforms
and consequently LV stroke work. The influence of timevarying EOA on LV stroke work could be studied by
writing EOA as a function of transvalvular flow. This
could be performed for example by means of a simple
spring-damper representation of the valve aperture or by
using a Lagrangian dynamic leaflet model as that proposed by Fenlon and David (51). Despite its relative
simplicity, the V3̃model may therefore allow the investigation of complex cardiovascular interactions. In conclusion,
mathematical cardiovascular models, such as the V3
model, may answer important clinical questions. It is,
however, essential to experimentally validate the model
per se and its findings before any clinical application.
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